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Abstract. We show that the regularity of monomial ideals of K[x1, . . . , xn]
(K being a field), whose associated prime ideals are totally ordered by inclusion
is upper bounded by a linear function in n.
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Introduction
Let K be an infinite field, S = K[x1, ..., xn], n ≥ 2 the polynomial ring over K
and I ⊂ S a monomial ideal. Let G(I) be the minimal set of monomial generators of
I and deg(I) the highest degree of a monomial of G(I). Given a monomial u ∈ S set
m(u) = max{i | xi|u} and m(I) = maxu∈G(I) m(u). If βij(I) are the graded Betti
numbers of I then the regularity of I is given by reg(I) = max{j − i|βij(I) 6= 0}.
Bayer and Mumford [BM], Caviglia and Sbarra [CS] and Mayr and Meyer [MaMe]
showed that the regularity of a homogeneous ideal could grow exponentially with
respect to its degree. Set q(I) = m(I)(deg(I)− 1) + 1. Note that if I is a monomial
ideal of height n then m(I) = n. In [CS, Remark 2.5] it is shown that reg(I) ≤ q(I)
for a homogeneous ideal I of height n. A monomial ideal I is stable if for each
monomial u ∈ I and 1 ≤ j < m(u) it follows xju/xm(u) ∈ I. If I is stable then
reg(I) = deg(I) as Eliahou-Kervaire proved in [EK]. If I is a p-Borel ideal then
reg(I) ≤ ndeg(I) as Popescu proved in [Po].
Let I be a monomial ideal whose associated prime ideals are totally ordered by
inclusion. The purpose of our note is to show that the regularity of these ideals is
bounded by q(I), Corollary 2.5. As can be easily seen, by an appropriate change of
variables, such ideals are the monomial ideals of Borel type introduced by Herzog,
Popescu and Vladoiu in [HPV]. We also give a new characterization for when an
ideal is of Borel type, Theorem 2.2 . We want to point out that Cimpoeas in a
recent preprint [Ci] using different methods achieves the same bound for a special
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class of Borel type ideals. We should mention that our presentation was improved
by the kind suggestions of the Referee.
1. Stable properties of some monomial ideals.
Let K be a field and S = K[x1, x2, ..., xn]. Let I ⊂ S be a monomial ideal and
I≥q(I) be the ideal generated by the monomials of I of degree ≥ q(I).
Proposition 1.1. If I, J are monomial ideals such that I≥q(I) and J≥q(J) are stable
ideals, then (I ∩ J)≥q(I∩J) is stable.
Proof. Note that deg(I ∩ J) ≥ max{deg(I), deg(J)}, m(I ∩ J) ≥ max{m(I),m(J)}
and so q(I ∩ J) ≥ max{q(I), q(J)}. Given v ∈ (I ∩ J)≥q(I∩J) we get
xj ·v
xm(v)
∈
I≥q(I) ∩ J≥q(J) by the stable property, which is enough. 
Proposition 1.2. A monomial ideal I = (xa1i1 , ..., x
ar
ir
) ⊂ S, 1 ≤ i1 < ... < ir ≤ n,
a ∈ Nr has I≥q(I) stable if and only if ij = j for all j = 1, ..., r.
Proof. ” ⇒ ” Suppose that there exists 1 ≤ k < ir such that k 6∈ {i1, ..., ir}.
We have x
q(I)
ir
= x
q(I)−ar
ir
xarir ∈ I. As I≥q(I) is stable we see by recurrence that
xe
k
xeir
x
q(I)
ir
for all 1 ≤ e ≤ q(I). Thus x
q(I)
k ∈ I≥q(I) which is a contradiction since
I≥q(I) =
∑r
j=1(x1, ..., xn)
q(I)−aj x
aj
ij
contains no pure powers of the variable xk.
” ⇐ ” We show that if I = (xa11 , . . . , x
ar
r ), where ai ∈ N
r, then I≥q(I) is sta-
ble. Let u ∈ I≥q(I). From above we get u = v · x
aj
j for some 1 ≤ j ≤ r and
v ∈ (x1, . . . , xn)
q(I)−aj . If m(u) > j then xk
xm(u)
.u = ( xk·v
xm(u)
) · x
aj
j ∈ I≥q(I) for all
k < m(u).
If m(u) = j then u belongs to the stable ideal (x1, . . . , xr)
q(I) and it is enough
to show that (x1, . . . , xr)
q(I) ⊆ I≥q(I). Let w ∈ (x1, . . . , xr)
q(I) then w ∈ Iq(I), i.e.
w = v.xaii where v ∈ (x1, . . . , xr)
q(I)−ai . Indeed, since w = xα11 x
α2
2 · · · x
αr
r with all
αi ≥ 0 and Σ
r
i=1αi = q(I), there exists some k such that 1 ≤ k ≤ r with αk ≥ ak.
So we can take above v = xα11 ...x
αk−ak
k ...x
αr
r . 
Remark 1.3. In general one cannot get I≥q(I)−1 stable when I = (x
a1
1 , x
a2
2 , ..., x
ar
r ).
For example, if n = 2 and I = (x21, x
2
2) then q(I) = 3 and clearly I≥2 is not stable.
2. Ideals of Borel Type
A monomial ideal I is of Borel type if (I : x∞j ) = (I : (x1, x2, ..., xj)
∞) for all
j = 1, 2, ...n. These ideals were defined in [HPV]), where the following was shown:
Proposition 2.1. Let I be a monomial ideal. Then the following conditions are
equivalent:
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(1) I is of Borel type.
(2) If u ∈ I is a monomial and 1 ≤ i ≤ n such that xq
i
/u for some q > 0 then
for all 1 ≤ j < i there exists an integer t such that xtj(u/x
q
i
) ∈ I.
Our main result is the following:
Theorem 2.2. Let I ∈ S be a monomial ideal.Then the following statements are
equivalent:
(1) I is an ideal of Borel type.
(2) Each p ∈ Ass(S/I) has the form p = (x1, x2, ..., xr) for some 1 ≤ r ≤ n.
(3) I≥q(I) is stable.
Proof. The equivalence of (1) and (2) is well known and is given for example in the
Proposition 5.2 of [HP]
(2) ⇒ (3) Let I =
⋂s
e=1 Je be the unique irredundant decomposition of I such
that Je are irreducible monomial ideals (see [Vi, Theorem 5.1.17]). Then Je =
(xa11 , . . . , x
ar
r ),ai ∈ N
r so by Proposition 1.2, (Je)≥q(Je) is stable. Thus (3) holds by
Proposition 1.1.
(3) ⇒ (1). Let u be a monomial of I and 1 ≤ i ≤ n such that xqi |u for some
q > 0. By Proposition 2.1 it is enough to show that given 1 ≤ j < i there exists
an integer t such that xtj(u/x
q
i ) ∈ I. We may suppose that deg(u) ≤ q(I). Let
u = xα11 · · · x
αn
n and set v = x
α1
1 · · · x
αi−1
i−1 x
αi−q
i , w = x
αi+1
i+1 · · · x
αn
n , p = deg(w) + q.
Since I≥q(I) is stable and x
q(I)−deg(u)
j u ∈ I≥q(I), we get
xj
xm(u)
(x
q(I)−deg(u)
j u) ∈ I≥q(I)
and by recurrence we obtain x
q(I)−deg(u)+p
j · v =
x
p
j
wx
q
i
(x
q(I)−deg(u)
j u) ∈ I≥q(I). Thus
for t = q(I)− deg(u) + p we have xtj
u
x
q
i
= xtjvw ∈ I≥q(I). 
Next we recall a proposition from [ERT].
Proposition 2.3. Let I be a monomial ideal and e ≥ deg(I) an integer such that
I≥e is stable. Then reg(I) ≤ e.
We immediately get the following corollaries.
Corollary 2.4. If I is of Borel type then reg(I) ≤ m(I)(deg(I) − 1) + 1.
Proof. By the previous theorem we have I≥q(I) stable, and as q(I) ≥ deg(I) we get
reg(I) ≤ q(I) by Proposition 2.3. 
Corollary 2.5. If I is a monomial ideal with Ass(S/I) totally ordered by inclusion
then reg(I) ≤ m(I)(deg(I) − 1) + 1.
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